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Abstract—The myriad filter has demonstrated to be a robust countermeasure against the negative effect that impulsive noise has over electronic
systems. However, its use is still limited in systems where processing speed
is critical, as is the case of radar, sonar, and real-time audio and video processing. This limitation has its roots in the challenges imposed by the numerical approximation of the myriad filter. In particular, minimization operations at the interior of nonlinear operations are sensitive components
that have a direct impact on the performance of the filtering algorithms.
In the case of the myriad filter, the minimization of functions with multiple
local minima is a common operation, and poorly chosen algorithms compromise the good behavior of the filter. In this correspondence, we present
an alternative for the minimization of the objective function in the computation of the myriad filter. This solution exploits general concepts in global optimization and adapts them to the particular case of myriad filtering. This
technique improves accuracy and speed in the computation of the myriad
filter, making the method feasible in many problems.
Index Terms—alpha-stable distributions, branch and bound, heavy tails,
impulsive noise, myriad filters.

The problem of the efficient computation of the myriad has been addressed before with the introduction of fixed point search methods [11],
where the weighted myriad is formulated as one of the fixed points of a
certain mapping. In order to compute these fixed points, [11] presents
an iterative algorithm that is initialized with a single point (FPS-I).
FPS-I computes the weighed myriad with a high degree of accuracy,
at a relatively low computational cost. However, FPS-I does not guarantee the delivery of the global minimum in a given search space [10].
This limitation is addressed by a variant of the fixed point search algorithm, where the minimization process is initialized with multiple
starting points (FPS-II) [11]. FPS-II provides a more accurate output of
the myriad filter (though there is no guarantee of delivery of the global
minimum), but it hazardously increases the computational complexity
of the filtering operations. If the order of the myriad filter is small, this
complexity is not a concern, but when the filter order increases, the
complexity may explode.
In this correspondence, we present an alternative for the minimization of the objective function in the computation of the myriad filter.
This solution exploits general concepts in global optimization and
adapts them to the particular case of myriad filtering. This technique
improves speed in the computation of the myriad filter, providing it
with the required strength for the solution of speed-hungry problems.
II. CHALLENGES

I. INTRODUCTION
The myriad filter [1], [2] has demonstrated to be a robust countermeasure against the negative effect that impulsive noise has over
electronic systems. During the last decade, myriad filters have been
successfully integrated in numerous applications, including signal
smoothing [3], applied astronomy [4], digital video [5], digital communications [6], industrial process control [7], image denoising [8],
and electrocardiography [9].
Even though the myriad filter is now used in industrial applications,
its use is still limited in systems where processing speed is critical, as is
the case of radar, sonar, and real-time audio and video processing. This
limitation has its roots in the challenges imposed by the numerical approximation of the myriad filter. One of the most critical operations in
the computation of the myriad is the minimization of a (possibly) nonconvex function. The use of inappropriate minimization functions can
compromise the accuracy of the filter [10], a situation that cannot be
tolerated in most applications. To guarantee accuracy of the minimization operations, global search methods are preferred, but this kind of
solutions typically demand extremely large computing times, making
the use of the myriad unfeasible for applications where speed is of the
essence.
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NUMERICAL COMPUTATION
MYRIAD FILTER

IN THE

OF THE

The myriad filter is a type of weighted digital filter inherently more
powerful than both linear and median filters, and with high statistical
efficiency in natural impulsive environments [1], [3]. Myriad filters are
statistically robust and, when properly designed, they are able to emulate the deterministic behavior of traditional (linear) FIR and IIR filters while incorporating strong resistance against impulse noise and
non-Gaussian background statistics [2], [12], [13].
The myriad filter is defined as a sliding-window filter that slides
through the input signal, computing the sample weighted myriad:
Definition 1 [Sample Weighted Myriad]: Given a set of samples
x1 ; x2 ; . . . ; xN , and a set of corresponding weights w1 ; w2 ; . . . ; wN ,
the sample weighted myriad is defined as
^ = arg min

where sgn(x)
0;
+1 for x

N
i=1

(jwi j 1 (sgn(wi)xi 0

));

(1)

is the positive-zero sign function defined as sgn(x) =

 01 otherwise, and (x) = log(K 2 +x2 ) is the so-called

myriad cost function [2], [14]. Note that the weight signs are uncoupled
from the weight magnitude values and are merged with the observation
samples, thus allowing the use of negative weights (see [15] for more
details).
The parameter K is called the linearity parameter of the myriad.
When K is large, the myriad behaves like the sample weighted mean
^



1

N
2
i=1 wi sgn(wi )
N
2
i=1 wi

1 xi ;

(2)

whereas when K is small, the myriad becomes a mode-like estimator
with significant resistance to the presence of outliers. The ability to
tune the linearity parameter according to the demands of the problem
at hand gives significant versatility to the filter.
Formalizing the notation in a moving-window framework, let
fx( 1 )g be a discrete-time continuous-valued signal. The myriad
filter slides a window over the signal fx( 1 )g that selects, at each
instant n, a set of samples that comprise the observation vector x(n) =
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Fig. 1. Degree of nonconvexity in the optimization space of the myriad filter
as the tuning parameter of the filter (i.e., ) is varied. The sample points are
marked on the horizontal axis ( = 4).

N

[x(n

K

0N +1); x(n0N +2); . . . ; x(n)] = [x1 (n); x2 (n); . . . ; xN (n)]

where xi (n) = x(n 0 N + i), and N is the observation window size.
For each window position, the filter output is given by

y(n) = arg min

N
i=1

(jwi j 1 (sgn(wi )xi (n) 0

)):

(3)

Note that, at each window position, computing the myriad filter may
carry a high computational cost. Although the use of fast commercial routines such as STABLE’s1 stableqkloglik can drastically
speed up the computation of the myriad cost function, (3) requires the
minimization of a possibly nonconvex function. This can be not only
computationally expensive, but also hazardous, in the sense that using
an algorithm that does not guarantee convergence to the global minimum could result in poor or inadequate solutions [10]. Fig. 1 illustrates how the number of local minima in the objective function of (3)
grows progressively from zero to N as the linearity parameter of the
filter is reduced. This indicates that when operating in highly nonlinear
regions (low values of K ), the numerical computation of the myriad
filter is more challenging, and more susceptible to the quality of the
minimization algorithm used.
III. THE BRANCH-AND-BOUND SEARCH ALGORITHM
Branch-and-Bound is a family of global optimization methods
widely recognized as able to provide fast and accurate results by doing
an efficient sampling of the search space [17]. Branch-and-bound
methods are based on partition, sampling, and subsequent lower and
upper bounding procedures applied iteratively to a collection of active
(“candidate”) subsets within the search space. Branching algorithms
split the search space in intervals, and perform evaluations of those
intervals. If an interval can potentially contain the global minimum,
it is branched and the resulting subintervals are analyzed as new
problems (they feed again the process of branching and bounding),
otherwise, the interval is discarded. The discarding of nonpromising
intervals avoids superfluous computations that delay the minimization
process.
1The STABLE software package is developed and distributed by Robust
Analysis, Inc. [16].

Fig. 2. Flow chart of typical Branch-and-Bound search algorithm.

A flow chart of a generic Branch-and-Bound algorithm is shown
in Fig. 2. As Branch-and-Bound techniques are already mature in the
global optimization arena, there are a large number of variants. Some
of them use distinct branching schemes while others base the differences on the bounding principles [18].
Fig. 3 contains the pseudocode of the Branch-and-Bound algorithm,
as it is proposed for the computation of the myriad filter. Based on the
basic implementation shown in Fig. 3, different alternatives can arise,
able to provide increased performances of the search algorithm.
IV. LOWER BOUNDS OF THE MYRIAD OBJECTIVE FUNCTION
The performance of Branch-and-Bound methods depends heavily on
the bound functions that they implement. According to the degree of
rigourousness applied to the evaluation of intervals, bound functions
are usually classified as strong or weak. Techniques that apply a strong
criterion to analyze the intervals, are able to identify and discard nonpromising intervals in early stages of the iterative process, accelerating
the convergence of the global optimization process, and reducing the
memory requirements of the device computing the algorithm. This reduction in the number of iterations of the algorithm is obtained in exchange of an increase in the computation time of each iteration. Weak
bounding techniques provide a reduced computation time per iteration,
at the cost of an increased number of iterations for the convergence of
the algorithm.
In order to compare the two bounding alternatives in the context of
the myriad filter, we have designed a weak bound function based on
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Fig. 3. Basic Branch-and-Bound algorithm for the computation of the myriad filter. The inputs to the algorithm are the interval [xlow, xup] and the stop
criterion xtol (minimum size of an interval). The algorithm outputs the global minimum of the objective function f (x) in the interval [xlow, xup] through
the variable globalmin, and the value of x where the global minimum is located, using the variable xatincumbent.

Lipschitzian characteristics of the filter, and a strong bound function
that relies on local properties of the myriad objective function.
A. Bounding Based on Lipschitzian Properties of the Myriad
Bounding based on Lipschitz constant is one of the most
common bounding techniques for Branch-and-Bound [17]. Recall that the sample weighted myriad objective function is defined as
f( ) =
(jwi j 1 (sgn(wi )xi 0 )). With Lipschitz bounding, a
lower bound for f ( ) on the interval [a; b] is computed as:

f(

)

 g(a; b) = f (a) +2 f (b) 0 L 1 b 02 a

(4)

where L is a Lipschitz constant of f [17]. The challenge here is to determine a good Lipschitz constant for f , i.e., an L as small as possible, so

that it allows the discarding of a large number of intervals early during
the iteration process.
It can be proven that the following is a Lipschitz constant of the
myriad objective function (see Appendix):

L=

1

N

K i=1

jw i j :

(5)

The use of this type of bounding has the advantage that it makes the
implementation of the algorithm easy.
B. Bounding Based on Local Properties of the Objective Function
The weakness of the Lipschitz constant in (5) is that it defines
a suboptimal bound, generating a small amount of unnecessary calculations during the minimization operation, and thus increasing the
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Fig. 4. Branch-and-Bound algorithm optimized for the myriad filter, using localized bounds. The inputs to the algorithm are the interval [xlow, xup] and the
stop criterion xtol (minimum size of an interval). The algorithm outputs the global minimum of the objective function f (x) in the interval [xlow,xup] in the
variable globalmin, and the value of x where the global minimum is located in the variable xatincumbent.

number of iterations (in comparison to the use of an optimal Lipschitz
constant) in the Branch-and-Bound search. The lack of optimality in
the bound defined by (5) has its roots in the fact that it is based
on an approximation where the Lipschitz constant is obtained as the
sum of contributions from single sample-weight subsets. A tighter
bound can be obtained by analyzing all the sample-weight space as
a single set.

Based on particular properties of the myriad objective function, it is
possible to obtain a tighter lower bound that varies depending on the
location of the interval with respect to the sample points.
For an interval [a; b] and real x, the distance between x and [a; b] is
defined as
dist(x; [a; b]) =

0

j 0 j j 0 j)

min(

x

a ; x

b

x
x

2[
62 [

a; b]

a; b]:
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A localized bound for f ( ) on the interval [a; b], can be derived as:

f(

)




N

inf (jwi j
2[a;b]
1 (sgn(wi )xi 0 ))

i=1
N

i=1

( r i )

(6)

TABLE I
MEAN ABSOLUTE ERROR OF THE FILTERED SIGNAL, USING A MYRIAD
FILTER OF ORDER N , TUNING PARAMETER K = 1, AND WEIGHTS
w = 1; i = 1; . . . ; N , WHEN THE -STABLE NOISE IS MODELED
WITH PARAMETERS
=
= 1. VALUES NOT SHOWN IN THE
TABLE WERE NOT CALCULATED (THE TIME TO SOLVE
THOSE PARTICULAR PROBLEMS IS EXTREMELY LARGE)

(7)

where ri = dist(xi ; [a; b]).
The advantage of this bound is that the single components (ri ) are
very easy to be computed. The use of this bounding method (called
“localized bounds”) enables a redefined Branch-and-Bound algorithm,
particularly optimized for the myriad filter, that increases even more the
speed of the filter. This redefinition of the Branch-and-Bound search is
shown in Fig. 4.
Additionally, the localized bounds approach generalizes to other cost
functions (x) that are symmetric and increasing for x > 0. It also
generalizes to multivariate problems.

TABLE II
ESTIMATED WIN RATES OF FPS-I, FPS-II, AND B&B-I
WHEN THE BASE ESTIMATOR IS B&B-II

V. BENCHMARK RESULTS
The two algorithms described in the previous section were integrated
in the computation of the myriad filter, and their performance was analyzed in a typical—yet simple—signal processing scenario. In order to
asses the power of Branch-and-Bound based myriad filtering, the new
implementations were compared against fixed point search algorithms.
A total of four variants of the myriad filtering were analyzed:
• FPS-I: Corresponds to Fixed Point Search, the iterative algorithm
proposed in [11] for the fast computation of myriad filters. The
initial point for this algorithm is given by the output of the selection filter [19] applied to all the input samples.
• FPS-II: Corresponds to the Fixed Point Search algorithm (as described for FPS-I), initialized with each of the input samples. This
technique increases the complexity of the algorithm significantly,
but guarantees a more precise output.
• B&B-I: The Lipschitz-bounded Branch-and-Bound algorithm.
The Lipschitz constant L is designed according to (5). The
tolerance of the output is set to 1003 .
• B&B-II: The Branch-and-Bound algorithm, bounded with the localized bound, as indicated by (7). The tolerance of the output is
set to 1003 .
The testing scenario consists on the filtering of a constant signal contaminated with additive -stable noise with parameters = [1; 1:5]
and = 1. The contaminated signal is filtered using the myriad filter
with tuning parameter K = 1 and weights wi = 1; i = 1; . . . ; N . The
benchmarks were coded using the STABLE Toolbox for Matlab [16],
and all the experiments were executed in the same CPU.
A. Accuracy
As expected, FPS-I, FPS-II, B&B-I, and B&B-II evidence robustness against impulsive noise. In general, all these filters deliver accurate
results. The mean absolute error of the filtered signal is almost the same
for all of the fixed point search and Branch-and-Bound algorithms, as
can be seen on Table I. More detailed information about the individual
performance of each estimator can be appreciated through a pairwise
performance comparison indicator that we call the win rate. For two
statistics T and T 0 , we define the win rate (WR) of T over T 0 when
estimating , as WRT=T = Pr(jT 0 j < jT 0 0 j) [2]. Table II
shows the estimated win rates of FPS-I, FPS-II, and B&B-I when the
best estimator is B&B-II for a typical subset of this simulation study.
As expected, B&B-I renders exactly the same accuracy as B&B-II as
their numerical value is always the same (i.e., they only differ on computational speed.) Note that B&B-II wins over both FPS-I and FPS-II

more times than it loses to them. When compared against FPS-II, the
win and lose rates of B&B-II are of the same order of magnitude. The
small difference between them can be explained by precision errors.
As described in [10], precision errors are controlled by the stop criteria
of the algorithms, and do not represent a threat to the filters’ performance. When compared against FPS-I, the win rate of B&B-II is an
order of magnitude larger than the lose rate. As opposed to FPS-II, this
big difference is explained by the presence of convergence errors in
the FPS-I algorithm. Convergence errors are the consequence of minimization algorithms getting stuck in a local minimum of the objective
function [10].
Fig. 5 illustrates a typical occurrence of such an error during our
simulation study. In this particular example, the sample window size
was N = 8. The sample values are marked with crosses horizontally at
the bottom of the plot, and the curve represents the objective function to
be minimized by the myriad filter computation in Expression (1). The
vertical lines show the solutions rendered by each one of the algorithms.
Note that FPS-I got stuck in a local minimum that is far away from the
correct answer. This points to a limitation of FPS-I that the Branch-andBound algorithms do not have: For FPS-I it is not possible to guarantee
arbitrarily small filter errors, even if the number of iterations is made
arbitrarily large.
B. Computational Speed
The significance of the new Branch-and-Bound algorithms introduced here is the fact that they guarantee accuracy comparable to that
of the state of the art fixed point search algorithms, while their implementation can be up to two orders of magnitude faster than FPS for
practical real-life scenarios.
Fig. 6 shows the time in seconds for the filtering of the complete
contaminated signal ( = 1) composed of 10 000 samples. Note how
the execution time increases when the filter order grows. This phenomenon applies for all the minimization algorithms, but the rate at which
the execution time increases is higher in the case of FPS-I, FPS-II,
and B&B-I. The filter that uses B&B-II presents the best performance.
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Fig. 7. Execution time of the myriad filter with the different minimization algorithms, for a test signal with = 1:5 and = 1.
Fig. 5. Myriad filter objective function at sample 4744 (N = 8;

= 1).

(called “localized bound”) in the Branch-and-Bound optimization of
the myriad objective function, guarantees the delivery of the global
minimum, thus assuring the robustness of the filter. At the same time
this method offers a reduction in the filter’s computational complexity.
The localized bound technique can also be extended to be used in other
nonlinear regression problems, such as non-Gaussian least squares, and
generalized stable filters [16].
It is also important the fact that the algorithms introduced here are
susceptible to additional optimizations that can keep reducing the time
spent in the filtering operations. Examples of further improvements are
the use of global search with a relaxed stop criteria to initialize local
(and very fast) minimizers, and the initialization of Branch-and-Bound
algorithms with the result of the previous filtering operation.
APPENDIX I
LIPSCHITZ CONSTANT FOR B&B-BASED MYRIAD FILTERING

Let fi ( ) = (jwi j(sgn(wi )xi 0 )) = log(K 2 + wi2 (sgn(wi )xi 0
2
0
) ). Then fi ( )
=
0(2wi2(sgn(wi )xi 0 ))=(K 2 +

Fig. 6. Execution time of the myriad filter with different minimization algorithms, for a test signal with = = 1.

When the filter order is 512, B&B-II is approximately 10 times faster
than FPS-I.
Fig. 7 shows the time in seconds for the filtering of the complete contaminated signal composed of 10 000 samples, but this time the noise
is modeled with parameter = 1:5. In this case, where the filtering
problem is simpler, suboptimal bounds like the one in B&B-I become
useful: the filtering time in B&B-I is less than that of FPS-I. In this
scenario, B&B-II is still the fastest algorithm.
VI. CONCLUSION
Branch-and-Bound search methods applied to myriad filtering offer
a set of powerful tools in the quest for both accurate and fast filters,
where the objective functions are characterized by frequent nonconvexities. Of particular importance is the method B&B-II introduced
here, which uses a tight bound function. The use of this type of bound

wi2 (sgn(wi )xi 0 )2 ); fi00 ( ) = (2wi2)=(K 2 + wi2 (sgn(wi )xi 0
4
2
2
2
2 2
2
) ) 0 (4wi (sgn(wi )xi 0 ) )=((K + wi (sgn(wi )xi 0 ) ) ),
(3)
4
2
2
and fi ( ) = (12wi (sgn(wi )xi 0 ))=((K + wi (sgn(wi )xi 0
2 2
6
3
2
2
2 3
) ) ) 0 (16wi (sgn(wi )xi 0 ) )=((K + wi (sgn(wi )xi 0 ) ) ).
Solving fi00 ( ) = 0, we get two solution 6 = sgn(wi )xi 6
( K ) = ( jw i j) .
(3)
(3)
Finally, since fi ( + ) = fi (sgn(wi )xi + (K )=(jwi j)) =
(3)
3
3
0(jwi j )=(K )  03 and 3 fi ( 0 ) = fi(3) (sgn(wi )xi 0
(K )=(jwi j)) = (jwi j )=(K )  0; + is a (local) maximum
and 0 is a (local) minimum.
Now, let Li be the Lipschitz constant of ( ; xi ); i = 1; . . . ; N be
L i = @ ( )j
(8)
@
L i = jw i j :
(9)
K
A Lipschitz constant for the myriad filter is then given by

L=j

N
i=1

Li j

(10)
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which, using the triangle inequality, is bounded by
L

L

=j



N
L

i=1
N
1

K

i=1

N

ij 

i=1

j ij
L

j ij
w

:

(11)
(12)
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On Kalman Smoothing With Random Packet Loss
Alex S. Leong, Subhrakanti Dey, and Jamie S. Evans

Abstract—This correspondence studies the performance of Kalman
fixed lag smoothers with random packet losses and its comparison with
the Kalman filter with packet loss. In terms of estimator stability via
boundedness of the expectation of the error covariance, we show that
smoothing does not provide any benefit over filtering. On the other hand,
it is demonstrated that using a probabilistic notion of performance,
smoothing can provide significant gains when compared to Kalman
filtering. An analysis of Kalman filtering using two simple retransmission
schemes and its comparison with Kalman smoothing is also made.
Index Terms—Kalman filtering, Kalman smoothing, missing observations, retransmissions, stability.

I. INTRODUCTION
Problems involving estimation over lossy communication networks
have received considerable attention in recent years, due to their
relevance in areas such as wireless sensor networks and networked
control systems. When measurements from sensors are located at
separate locations and have to be transmitted for processing through
unreliable (e.g., wireless) channels, losses can occur, and how these
packet losses affect the performance of the estimator is of significant
interest.
Early work on state estimation with measurements losses include [1],
where the optimal linear estimator for linear systems with independent
identically distributed (i.i.d.) Bernoulli losses was derived, where the
parameters of the loss process is known, but which of the individual
measurements are lost/received is not explicitly known. This was later
extended to the optimal linear smoother in [2]. More recently, in the
case where we know which measurements are lost/received, it was
shown in [3] that for an unstable system with i.i.d. Bernoulli losses
there exists a critical threshold such that the expected value of the error
covariance (which is randomly time varying due to the random losses)
will be bounded if the packet arrival rate exceeds this threshold, but will
diverge otherwise. Further avenues of research suggested in [3] include
studying multiple sensors [4], correlated loss processes such as Markov
[5], consideration of delays [6], and smoothing, which is the subject of
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